ABSTRACT
INTRODUCTION
In the past decades, substantial transportation infrastructure has been developed via private investment, especially in developing countries. For example, in China, transportation networks in several provinces have been substantially expanded in the form of private roads. Nevertheless, in both highway and urban road networks, public roads are still the major part of the transportation system. Therefore, a real network system often exists in the public-private mixed situation.
There are several management targets for the operation of the public-private mixed networks, due to the complicated benefit considerations of different stakeholders. First, with the steady growth of travel demand, transportation networks are often congested. Therefore the primal management goal of the government is to alleviate traffic congestion, especially in metropolitan areas. Second, for private firms, a reasonable level of revenue is necessary in order to ensure investment return, and to cover road maintenance cost.
Road pricing has long been recognized as an effective instrument for mitigating congestion and collecting revenue. The theoretical mechanism of road pricing is the principle of marginal cost pricing in economics that a traveller has to pay the cost they impose on others [1] [2] [3] [4] [5] . However, marginal cost pricing requires that tolls be charged on all links. Given the fact that it is almost impossible to collect tolls on all roads, many researchers turn to investigate second-best pricing schemes that only a subset of road links are charged, such as send-best link based tolls, cordon tolls, entry-exit based tolls and distance-based tolls [6] [7] [8] [9] [10] . On the other hand, tolls are also implemented on private roads in order to maintain a profitable situation of the private investors. For example, de Palma [11] developed a competition model based on simple networks with two parallel links, where each link was controlled by a private firm. Yang and Meng [12] considered the simultaneous determination of road tolls and link capacities on the private roads, while taking into account the network equilibrium. Yang and Woo [13] investigated the Nash equilibrium between two Meanwhile, in the private sub-network, the government franchises private firms to collect tolls, but toll levels and locations are determined by the government with the aim of alleviating traffic congestion. Meanwhile, the government guarantees private firms to obtain acceptable revenues. The management problem is formulated as a bi-level optimization structure as in [22] . The upper level model minimizes the total travel cost, considering toll/credit charging levels and locations as decision variables. The revenue threshold and the numbers of toll and credit charging links are incorporated as constraints into the upper level model. The lower level model describes the user equilibrium (UE) behaviour of travellers, given the tolls and credits transferred from the upper level.
Due to the complicated structure of the bi-level model, it is very difficult to obtain a global optimum of the problem with gradient-based methods. Then the bi-level optimization model is transformed into a single-level problem, by replacing the lower level user equilibrium (UE) program with its equivalent first-order conditions. Motivated by two seminal works [23] [24] , the UE conditions, travel time functions and charge location constraints are replaced by a set of linear equations through introducing some mixed integer variables. Therefore, the bi-level model is eventually transformed into a mixed integer linear program (MILP). Thus global optimum of the mixed management problem can be obtained by employing a commercial computing package, such as CPLEX.
The remaining part of the paper is organized as follows. In the following Section 2, we introduce the bi-level formulation of joint implementation of tradable credits and link tolls. In Section 3, the bi-level model is transferred into a single-level optimization problem, namely, a mixed integer linear program. Numerical examples are given in Section 4 and conclusions are provided in Section 5.
BI-LEVEL FORMULATION OF TOLL AND TRADABLE CREDIT MIXED SCHEME
Let G(N, A) be a typical public-private mixed road network defined by a set N of nodes and a set A of directed links. The network contains public roads and private roads. Set A 1 denotes the link set of public roads, and set A 2 denotes the link set of the private roads, A= A 1 jA 2 . Let W denote the set of origin-destination (O-D) pairs, and R W be the set of paths connecting O-D pair w, w!W. Let v a be the flow on the link a!A, and t a (v a ) be the travel time on link a!A, which is a continuous, convex and strictly increasing function of the link flow v a . Let v=(v a , a!A) denote the vector of link flow. profit maximizing firms that controlled their own road links, respectively. Xiao et al. [14] analysed the toll and capacity competition among private asymmetric roads in a network with parallel links. Their results indicated that an oligopolistic competition generates higher toll and lower construction capacity than those in the case of social optimum. Wu et al. [15] demonstrated mathematically that in general road networks the service level provided by a profit-maximizing private firm was independent of another competitor's capacity and toll decision. Moreover, the volume versus capacity ratio remains the same even in a regulated market where the authority imposes a cap for the generalized travel cost on the private toll road.
Overall, congestion pricing is difficult to implement due to the objection of the public, since the governments are often criticized for collecting tolls on public roads. The good news is that researchers found new congestion mitigation methods, where travellers do not pay monetary cost to public authorities. For example, Yang and Wang [16] , Xiao et al. [17] explored the mechanism of tradable mobility credits in transportation networks. In these policies, the government sets a goal and tries to achieve it by developing a market for free trading of mobility credits. Management authorities issue mobility credits to all eligible travellers, and determine how many credits are to be charged on each road. Once the management authority makes right decisions on credit provisions and link-based charges, the competitive market could spontaneously lead to a system optimum. The tradable credits scheme has some obvious advantages for the management of public roads. The scheme ensures high equity for the travellers as a public service, so it can avoid the political resistance due to the concern of unfairness. Most importantly, in the tradable credits scheme, the revenue-neutral attribution makes it more acceptable to the public. Recent development on the tradable credit in transportation network includes the work of Nie [18] , where the effects of transaction costs in an artificial auction market and negotiated market were investigated. Wang et al. [19] proposed a bi-level model for a tradable credit scheme with equity constraints for the continuous network design problem. Grant-Muller and Xu [20] provided a complete review of the role of tradable credit schemes in road traffic congestion management. He et al. [21] studied tradable credit schemes on networks with different types of users.
With the purposes of mitigating congestion and maintain a reasonable revenue to the investors, a hybrid management scheme was proposed to improve the performance of the public-private mixed network. The entire network is divided into two sub-networks, namely, the public sub-network and the private sub-network. In the public sub-network, a tradable credit scheme is applied to mitigate traffic congestion by optimizing the credit charging levels and locations.
where u w represents the minimal travel cost of O-D pair w!W. Without loss of generality, we assume the unit price of credit p! [0, 1] . According to the Conditions 8 and 9, if there is a surplus of credit, the credits have no market value; namely, the price is zero. Now the upper level optimization model is introduced. The management authority wants to minimize the total travel time in the network by implementing joint toll and credit scheme (simultaneously setting credit/toll levels and determining tolling locations). In addition, the number of toll /credit links is restricted, and profitable revenue for the private firm should be guaranteed. Therefore, the upper level model can be formulated as follows , , , , , , 
is the solution of the UE problem. N c is the maximal number of public road links that are allowed to implement tradable credit scheme.
N b is the maximal number of private road links that are permitted to be tolled. P is the revenue threshold for private firm, which depends on the franchise contract. give the three practical requirements.
EQUIVALENT SINGLE-LEVEL MIXED INTEGER LINEAR PROGRAM
Due to the complicated structure of the aforementioned bi-level model in Section 2, it is very difficult to obtain a global optimum solution with gradient-based methods. Therefore, in the section, a global solution algorithm is proposed by transforming the non-linear bi-level program into an equivalent single-level mixed integer linear program (MILP). The transformation In this study, the management authority attempts to improve the network performance by simultaneously implementing a tradable credit scheme in the public sub-network and a toll charging scheme in the private sub-network.
Let p denote the unit price of credit per unit, and k=(k a , a!A 1 ) denote the credit allocation scheme, where k a is the credit to be charged on link a, a!A 1 . Let (k,K) denote a credit scheme k with total amount of credit K. Let x pr =(t a , a!A 2 ) denote the toll set in the private sub-network, where t a is the toll level on link a, a!A 2 . We introduce two binary variables σ a,b and σ a,c , to indicate whether a link is selected for toll/credit candidates or not. Here σ a,c is used to indicate whether link a, a!A 1 is selected to collect mobility credit. If σ a,c =1, link a is the candidate link of credit charge, otherwise σ a,c =0. Similarly, σ a,b is used to indicate whether link a, a!A 2 is a candidate location for toll charge. If σ a,b =1, link a is a candidate toll link, otherwise σ a,b =0.
It is naturally assumed that travellers follow a rational route choice behaviour of user equilibrium; namely, no one can reduce their travel cost by unilaterally changing the route. Given a mixed toll and credit charging scheme (k, K; x pr ), the user equilibrium (UE) problem can be formulated as follows A similar method used in Section 3.1 can be applied. Thus, we get the approximation:
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where coefficient l a n is determined by derivatives of function s a (v a ) with respect to v a at g a,n :
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and coefficient z a n is given by:
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So far, we have finished the linearization of the objective function.
Linearization of constraints
In the developed bi-level optimization model, Constraints 14 and 15 are linear, but Constraint 16 is non-linear. The same linearization method can be applied to transform the non-linear Constraint 16 into equivalent linear conditions by introducing a set of binary variables. As for the user equilibrium constraint in the lower level, it can be replaced by the first order conditions; namely, a set of non-linear complementary conditions. Fortunately, they can be transformed into equivalent linear constraints by incorporating a set of integer variables; the detailed procedure and formulations can be found in Wang and Lo [23] and Zhang and van Wee [22] . To save space, we do not display the entire linearized formulation of the lower level program. The reformulated MILP model can be efficiently solved by some commercial solvers, e.g., CPLEX and GUROBI.
NUMERICAL EXAMPLES
In this section, some numerical experiments are carried out to test the model and hopefully to obtain some insightful implications. More specifically, we want to see the varying patterns of the system travel cost against the revenue threshold, and the number of toll roads. The used transportation network is depicted in Figure 1 . The network consists of 13 nodes and 19 links. Four OD pairs are considered. The travel includes linearization of the design objective function, link travel time function and the involved non-linear constraints.
The linearization of travel time function
In the study, the typical BPR function is used to define the link travel time as below: 
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where L is a very large negative constant and U is a very large positive constant; e is a very small positive constant; l a,n , ξ a,n are the auxiliary variables that help determine the feasible domain of v a . a a n and b a n are coefficients to be determined. Accordingly, coefficient a a n is determined by derivatives of the travel time function with respect to v a at g a,n a v t g c t g
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Similarly, coefficient b a n can be given by 
Linearization of the non-linear objective function
Let s a (v a )=t a (v a )v a . Then, the objective function in the upper level can be rewritten as:
Experiment A
In the experiment, we demonstrate the performance of our model and discuss the management effects of the mixed charging scheme by varying the number of toll roads. All public roads are assumed to be considered as candidate locations of credit charge. The revenue threshold in Constraint 16 is set to be P=0, i.e., the private firm does not have a requirement on revenue.
Based on the bi-level model and its mixed integer linear reformulation, we compute the optimal toll levels and locations when the number of toll links is set to be 0, 1, 3, 5, and 8, respectively. The results are shown in Figure 2 and Table 3 , which provide the optimal toll locations and toll levels, as well as the corresponding total travel time of the whole network. When no link is subject to toll charge; namely, only the tradable credit scheme is applied; the total travel time of the network is 5.749 · 10 5 , which is a substantial decrease compared with the UE situation. If only one link is allowed for toll charge, link 9 is the optimal toll location. The optimal toll is 51.80, and the corresponding total travel time is 5.741 · 10 5 in the situation. As the number of toll links increases, total travel time of the network decreases. When five links are allowed for toll charge, the network total travel time decreases to the system optimum situation. Therefore, when the number of toll links increases to eight, although different solutions of toll locations and toll levels are obtained, the total travel time of the network cannot further decrease any longer. This experiment shows that only applying tradable credit scheme can have a very acceptable improvement in terms of system travel time reduction. Moreover, the system can be further improved by implementing toll charge, and the system optimum can be achieved by charging only a subset of private links.
Experiment B
The second experiment is used to study the effects of the hybrid management by simultaneously varying the numbers of toll links and credit links. We go over all the combinations of the numbers of toll and credit demands of these OD pairs are given in Table 1 . The free flow travel times and the capacities of the links are provided in Table 2 . Links 1, 6, 8-10, 12-13 and 17 are private roads (solid lines), and others are public roads (dash-dot lines). And we evaluate the parameters a=0.15, b=4 that were used in [22] . The traditional traffic assignment shows that the total travel time of the network is 5.850 105 at user equilibrium and 5.725 · 10 5 at system optimum. To analyse the effects of the hybrid management policy proposed in the paper, the commercial optimization software IBM-ILOG-CPLEX-12.6 is utilized to solve the reformulated mixed integer linear program. The following three experiments are carried out. The other two cases are in between the aforementioned two situations. As the required revenue increases, the increasing speed of the system travel time is also between the two aforementioned situations. By comparing the four situations, it can be clearly seen that the sensitivity of revenue to total travel time is negatively related with the number of the toll and credit links. In other words, when the number of toll and credit links is small, the system travel time increases rapidly with the required revenue. With more toll links and credit links, the system travel time increases much slower with the increase of required revenue. 
CONCLUSIONS
The paper investigates a hybrid management policy of road tolls and tradable credits in mixed road networks with both public and private roads. The entire network is divided into two sub-networks, namely, the public sub-network and the private sub-network. In the public sub-network, a tradable credit scheme is applied to mitigate traffic congestion. In the private sub-network, tolls are collected by the private company, but the toll levels and toll locations are determined by the government. The purpose of toll charge is twofold, on one hand, the government uses it as a tool of mitigating congestion, on the other hand, a threshold of revenue should be guaranteed for the profitability of the private company.
Due to the complicated structure of the bi-level model, it is very difficult to obtain a global optimum of the problem with gradient-based methods. Then the bi-level optimization model is transformed into a single-level problem, by replacing the lower level user equilibrium (UE) program with its equivalent first-order conditions. Motivated by two seminal works, the UE conditions, travel time functions and charge location constraints are replaced by a set of linear equations through introducing some mixed integer variables. Therefore, the bi-level model is eventually transformed into a mixed integer linear program (MILP) links, and obtain the social travel time of each combination, respectively. The revenue threshold in Constraint 16 is set to be as in the previous experiment.
The results are shown in Figure 3 . Firstly, we consider two extreme cases. If the numbers of toll and credit links are both 0, namely in the UE situation, the total travel time is 5.850 · 10 5 . On the contrary, if the hybrid management is implemented in the entire 8 toll links and 11 credit links, a minimum system travel time equivalent to the first-best system optimum situation can be achieved, i.e. the total travel time is 5.725 · 10 5 . The good news is that the system optimum can also be achieved with fewer toll links and credit links. As depicted in Figure 3 , the system optimum can be obtained when the combinations of the numbers of toll links and credit links are (8, 9) , (8, 10) , (8, 11) , (7, 9) , (7, 10) , (7, 11) , (6, 9) , (6, 10) , (6, 11) , (5, 10) , and (5,11), respectively. Furthermore, in the hybrid management scheme, total travel time is more sensitive to the number of credit links than that of toll links. 
Experiment C
The third example is to show the influence of revenue requirement on the system travel time. Four situations have been set, when the combinations of numbers of toll links and credit links are (1, 11), (1, 0), (8, 11) , and (8, 0), respectively. In the four situations, we examine the relationship between revenue requirement and total travel time. The results are shown in Figure 4 . The results show that total travel time can only be reduced by decreasing the requirement of revenue.
When the number of credit link is 0 and the number of toll link is 1, the total travel time is always maximal in the four situations. Furthermore, in the situation, the total travel time increases remarkably with the increasing revenue requirement.
When the number of credit link is 11 and the number of toll link is 8, the total travel time is always minimal in the four situations. In the situation, the required revenue is less than 2 · 10 5 for system optimum. The total travel time increases slowly when the revenue requirement is higher than 2 · 10 5 . that can be solved with commercial software easily. Numerical examples are provided to demonstrate the effectiveness of the developed model and the efficiency of the proposed algorithm. It is shown that the mixed management schemes can achieve favourable targets; namely, joint implementation of road tolls and tradable credits can effectively mitigate traffic congestion and meanwhile maintain reasonable revenue for the private company. This experiment also shows that only applying tradable credit scheme can have a very acceptable improvement in terms of system travel time reduction. Moreover, the system can be further improved by implementing toll charge, and system optimum can be achieved by charging only a subset of private links. Furthermore, in the hybrid management scheme, the total travel time is more sensitive to the number of credit links than that of toll links. By comparing various situations, we can see that the sensitivity of revenue to total travel time is negatively related with the number of the toll and credit links.
In the paper, the purpose of management is to mitigate congestion, namely, by minimizing the system travel time, which can be seen in the upper-level models. Whether system optimum can be achieved or not, depends really on the structure of the private sub-network and public sub-network, and more importantly it depends on the candidate sets of toll and credit links. If all links in the public sub-network are subject to credit charge and all links in the private sub-network are subject to toll charge, a system optimum is guaranteed. from the Shanghai Shuguang Program (Project #13SG23) 
